Based on the quantum effective action we compute for interacting theories the time evolution of correlation functions in inflationary cosmology. We neglect non-linearities due to backreaction, an explicit space-time dependence of the effective action reflecting boundary effects, and higher than second time derivatives. In this approximation the information about the state of the universe at the beginning of inflation remains imprinted on the observable primordial fluctuation spectrum. We therefore observe the initial spectrum, processed only mildly by the scale-violating effects at horizon crossing induced by the inflaton potential. Depending on initial conditions the relation between amplitude and Hubble parameter at the time of horizon crossing or the spectral index can be modified. Observations of the cosmic microwave background can gain information on the inflaton potential only if either the omitted non-linear effects lead to a fast enough symmetrization and dissipation of the initial spectrum, or if the initial spectrum can be constrained. The latter may be realized if inflation lasts sufficiently long before the time of horizon crossing and the ultraviolet behavior of correlation functions is the same as for flat space.
Has the universe at the beginning of inflation been in a particular vacuum state, or can fluctuations have started with a more general, perhaps even "classical" state? Can we detect the difference by observation? The usual treatment of primordial fluctuations [1] [2] [3] [4] [5] [6] [7] assumes that fluctuations are described by a particular state, the Bunch-Davies vacuum [8] . First investigations of more general initial conditions [9] , based on pioneering work on the time evolution of correlation functions for free quantum fields [10] , seem to suggest that a particular universal state is approached independently of initial conditions. Similar observations [11] for coarse grained bulk quantities as the energy momentum tensor apparently point to a similar direction. We investigate here the effect of initial information on the observable fluctuation spectrum. For the free fields investigated earlier, as well as for much wider classes of interacting theories, we find that the memory of initial conditions is not lost during the time from the beginning of inflation to horizon crossing of the observable fluctuations. The memory of the initial spectrum remains imprinted on the observable spectrum.
The detailed geometry and inflaton potential in the epoch of horizon crossing only process the "pre-spectrum" that describes the fluctuations a certain time before horizon crossing, modifying it by small scale-symmetry violating effects. If the pre-spectrum keeps memory of the fluctuations in the "initial state" of the universe at the beginning of inflation, the observation of amplitude and spectral index of the fluctuation spectrum, as imprinted on the cosmic microwave background, yields information on the beginning of inflation. The relation between fluctuation amplitude ∆ 2 (k) and inflaton potential V at horizon crossing is modified by a factor (A p + 1), A p ≥ 0, as compared to the usual result of the slow roll approximation,
The enhancement A p + 1 could be large. Also the spectral index n s receives an additional contribution n p from the pre-spectrum
Here M is the reduced Planck mass and ǫ, η are the slow roll parameters.
In the absence of interactions the pre-spectrum keeps the full memory of the initial spectrum at the beginning of inflation. We investigate here a much wider class of interacting theories within a formalism based on the quantum effective action Γ. Its second functional derivative Γ (2) yields the exact inverse propagator, such that the correlation function (connected two point function, Green's functions, propagator) G has to obey
Since Γ (2) contains time derivatives, this defines an exact time-evolution equation for the correlation function. For a known or assumed form of Γ (2) it can be followed from an initial state of the fluctuations at the beginning of inflation until horizon crossing.
We consider a scalar inflaton field in an arbitrary homogeneous and isotropic geometry, characterized by a scale factor a(η) with conformal time η. We also account for an arbitrary evolution of the homogeneous inflaton mean field ϕ(η). We make three approximations on the form of the effective action:
(i) We assume that Γ can be characterized for all times after the beginning of inflation by its universal "no boundary form" where it has no explicit dependence on position and time. General covariance and locality (derivative expansion) restrict then its possible form to a few relevant invariants.
(ii) We neglect backreaction effects. The second functional derivative Γ (2) may depend on arbitrary background fields. We assume that the impact of G on the time evolution of the background fields can be neglected. For small enough fluctuations this may be justified. Absence of backreaction turns eq. (3) into a linear equation.
(iii) We assume that Γ contains at most two derivatives with respect to η and that the field basis for the inflaton is chosen such that kinetic mixing with other fields is absent. This fixes the kinetic term in the effective action
with A and U depending on background fields which can make them explicitly time-dependent. The covariant derivatives are formed with a given background metric g µν = a 2 (η)η µν , g = − det(g µν ) = a 4 . We choose a normalization for ϕ where A = 1.
Under these general assumptions we will see that the prespectrum keeps the full memory of the initial spectrum. If they hold we can "see" extreme sub-Planckian information at the beginning of inflation! On the other hand, only a mixture of information form the initial state and the processing at horizon crossing is observable, cf. eqs. (1), (2) . This can limit our possibilities to gain information on the physics at horizon crossing, as encoded in the inflaton potential or similar quantities. Predictivity of the inflationary paradigm and a reconstruction of the inflaton potential needs either an understanding of the initial spectrum at the beginning of inflation, or a situation where the neglected non-linear backreaction and boundary effects lead to fast enough symmetrization and dissipation of the initial spectrum, such that the pre-spectrum keeps no memory of the initial spectrum in the range of wavelength relevant for observation.
It is instructive to consider a simple example for a dependence of the possible pre-spectrum on the comoving wave number
In the ultraviolet (UV) limit k → ∞ the modification of the Bunch-Davies spectrum vanishes, while in the infrared (IR) limit one has A p (k → 0) = A. Values A ≫ 1 may be associated with "classical fluctuations". Any modification of a pre-spectrum with A p (k → ∞) = 0 will involve a violation of scale symmetry. This entails the appearance of some fixed scale k 0 where in our case the UV-behavior switches to the IR-behavior. Finally, the parameter ∆ describes the width of the UV-IR-crossover in logarithmic k-space. The contribution of such a pre-spectrum to the spectral index n s reads
One has
while for |x| ≫ 1 the modification n p becomes small, suppressed by powers of |x|. For large A the corrections ∼ A −1
can be neglected and n p is suppressed only by the width
A small value A ≪ 1 appears as an additional suppression factor.
We still need some assumption on the scale k 0 which determines the value for x appropriate for the observable fluctuations. A simple guess could associate at the beginning of inflation the scale of UV-IR-crossover with the Planck mass. Then k/k 0 =p, wherep is the physical momentum of the fluctuation in units of M at the beginning of inflation. We want to know the value ofp for the observable fluctuations. Their physical momentum p = k/a hc at the time of horizon crossing around 60 e-foldings before the end of inflation is given by the Hubble parameter H hc at this time. If we denote the scale factors at the beginning of inflation and horizon crossing by a in and a hc , the physical momentum has decreased between these two epochs by a factor a in /a hc , such that
with N in the number of e-foldings between the beginning of inflation and horizon crossing. For a narrow crossover with ∆ of the order one a substantial modification of the observable spectral index would occur only if N in is in the vicinity of ln(M/H 0 ). In contrast, for a wide crossover∆ ≫ 1 a much wider range in N in would lead to an observable trace in the spectrum, with eqs. (6), (7) giving also a reason why the modification of the spectral index remains small. The amplitude is of the order A + 1 unless N in /∆ ≫ 1 and can experience a substantial enhancement. In this case the value of the inflaton potential at horizon crossing would be much smaller than inferred usually from the normalization of the CMB anisotropies. Let us turn now to the evolution equation for the correlation function and its solution. With eq. (4) and A = 1 the identity (3) implies for the correlation function in momentum space G(k, η, η ′ )
where
The mass term m 2 depends on time by virtue of the timeevolving background fieldsφ and possibly other fields.
For
be associated with physical time as measured by the number of oscillations of wave functions, such that η → −∞ actually corresponds to the infinite past of an eternal universe [12] .
The general solution to the inhomogeneous differential equation (9) can be found by writing
We observe that the symmetric part G s obeys a homogeneous linear equation, such that its amplitude is not fixed. The amplitude of the observable power spectrum is directly related to the equal time correlation function
Already at this stage we see that the evolution keeps memory of the overall amplitude of the initial fluctuations. The time evolution for equal time correlation functions can be described by three connected two point functions (12) one finds for the dimensionless quantities
the evolution equation
For de Sitter space one has
Within our three assumptions (i), (ii), (iii) this equation is exact. Interaction and fluctuation effects ("higher loops") are already incorporated in the effective action Γ. This underlines the power of the use of Γ. Its first functional derivative yields the exact field equations for the mean fields. The second functional variation provides for the exact evolution equation (3) for the correlation function and therefore the power spectrum. Similarly, the third variation is directly related to the bispectrum, and similar for higher order correlations.
Eq. (16) can be solved numerically, but the most important features for our discussion can be seen easily analytically. Horizon crossing occurs for u = −1. The prespectrum may be defined at u = −10, and initial conditions are set at much larger negative u. For the relation between the initial spectrum and the pre-spectrum one only needs the period |u| ≥ 10. For realistic models of inflation one hasm 2 ≪ 1. As a result, the mass term is completely negligible for the computation of the pre-spectrum and only makes a small scale-violating correction in the "processing" of the pre-spectrum in the range −10 ≤ u ≤ 1. This processing is exactly the same as in the standard computation. Only for the asymptotic behavior for u → 0 the mass term matters. For positivem 2 we find an attraction to the Bunch-Davies vacuum up to a free separate normalization for each k-mode. This is in line with the findings of ref. [9] . It is not relevant for the observable spectrum since it only concerns the behavior of the pure scalar correlation function for modes far outside the horizon.
For the computation of the pre-spectrum alsoh/u is a small quantity. Deviations ofh from one are ∼Ḣ/H 2 , and therefore further suppressed. For u < −10 we may therefore seth = 1,m 2 = 0. The general solution for eq. (16) is then given by the most general propagator in de Sitter space which is consistent with translation and rotation symmetry,
For each k-mode it has three free integration constants α(k), β(k), γ(k). They encode the information about the initial fluctuation spectrum at the beginning of inflation. The Bunch-Davies vacuum corresponds to α = 1 , β = 0 , γ = 0 for all values of k.
The explicit form of eq. (19) makes it manifest that memory of the initial conditions is not lost for the wide class of situations covered by our already rather general setting. It therefore matters to constrain consistent and in some sense "reasonable" initial conditions. We take here a conservative approach motivated by the setting for a free scalar quantum field. We write the general solution to the evolution equation (9) for the unequal time Green's function for η > η ′ in the form
Here the two "mode functions" w ± k (η) form a basis for the general solution to the homogeneous equatioñ
They are normalized according to
such that eq. (12) is obeyed. For de Sitter geometry the mode functions are w
. We recover for each k the three independent integration constants, with
Even though we deal with a general interacting theory, we can cast the general solution into the form of a mixed state for a free effective quantum field
where 0 ≤ p i ≤ 1,
This holds provided α, β and γ obey the inequalities
It is these conditions that we will impose on the initial conditions. If the last inequality is saturated, β 2 + γ 2 = α 2 − 1, we deal with a pure effective quantum state where only one of the probabilities p i differs from zero. Previous work was restricted to such pure states in the context of free fields [9] , [10] , [11] . A pure state with α ≫ 1 can be visualized as a highly excited coherent pure quantum state with large occupation number. States with large α and β = γ = 0 correspond to incoherent classical states with large occupation number.
As a further constraint we may want to impose that the short distance limit k → ∞ of the propagator is the free propagator. This requires α(k → ∞) = 1. Our example (5) is consistent with these constraints, with α(k) = 1 + A p (k), β(k) = γ(k) = 0. A much wider class of "reasonable" initial conditions can leave their imprint on the observable fluctuation spectrum. Scale symmetry or the SO(1, 4) symmetry of de Sitter space are realized if α, β and γ are independent of k. We do not impose such symmetries on the initial conditions since our aim is to investigate if more general initial conditions tend to approach correlation functions with such symmetries. This is not the case for the general solution (19).
A key element for the conservation of memory of initial conditions, and also for the effective free quantum field description, is the linearity of the evolution equation (9) . We may question its validity. After all, in flat Minkowski space the linear equation (16) is not able to describe thermalization. Infinitely many conserved quantities obstruct the approach to thermal equilibrium [13] , [14] , [15] . Alike, we find infinitely many conserved quantities, namelyG ϕϕGππ −G 2 πϕ for each k, in our approximation. If we want to describe a possible process of symmetrization [16] , where the initial state tends to a state with de Sitter symmetry, we need to take account of non-linearities as, for example the backreaction. The same holds for dissipation effects which finally could induce a loss of memory of the initial information and lead to a universal asymptotic propagator.
A convenient tool to incorporate the omitted non-linear effects is the two-particle-irreducible effective action where G appears itself as a generalized field, with an effective action that is not linear in G. In flat space this approach has given a successful description of thermalization [17] . It would be highly interesting to perform a similar study for the initial value problem in inflation. The propagator of the Bunch-Davies vacuum is a natural candidate for a universal propagator towards which an equilibration process may tend. Still, a crucial quantity will be the time it takes to symmetrize or equilibrate. This may be very large even on a logarithmic scale in view of the rather tiny self-interactions and gravitational interactions in realistic models of inflation. Only after clarification of the role of non-linearities a conclusive answer to the question in the title can be given.
Another possible road towards a universal propagator relies on an understanding of initial conditions. If the universe has been in a state of inflation since the infinite past, the number of e-foldings N in between the "beginning of inflation" and horizon crossing of observable modes tends to infinity. The observable modes arise then from the extreme short distance modes in the beginning of the universe. If the initial propagator for these modes is the free propagator this maps for the observable modes to a universal propagator α = 1, β = γ = 0. Such a behavior is manifest in our example (5), (8) , with x → ∞ for N in → ∞ for any finite ∆. The assumption of a free propagator for ultrashort distances may need, in turn, some justification. This could be provided by an ultraviolet fixed point for the fundamental theory [18] .
It is instructive to compare with the fate of our universe in the far distant future if dark energy is realized as a cosmological constant. We are then at the beginning of a new inflationary era, and the correlation functions for our present universe set the initial data for this future epoch. Our world is not the vacuum. The wavelength of modes crossing the horizon after the first seven e-foldings, N in ≈ 7, corresponds to the present size gravitationally bound structures, e.g. clusters. These objects will not participate in the expansion, however, such that their comoving wave number k increases and they remain within the horizon by a factor ∼ 1000. The gravitational potential of such objects will not change fundamentally for the next 10 11 yr and even much further. However, the volume fraction occupied by such bound objects decreases, and so does their contribution to the correlation function. For N in ≈ 10 30 bound objects will experience substantial dissipation once protons decay and charged particles annihilate, leaving only neutrinos in bound objects and unbound photons. At this time, however, they occupy so little volume that their contribution to the correlation function is negligible. Correlation functions will be dominated by the vacuum of our world. Even though this vacuum contains mass scales as the Fermi scale or Λ QCD , it is invariant under Lorentz transformations. The propagator of a scalar field in such a vacuum is the one for flat space. For large N in the initial conditions for fluctuations that cross the horizon are set effectively by the propagator in Minkowski space.
Can we look back to the beginning of inflation? Yesat least for time scales that correspond to possible equilibration times. What do we expect to see? Most likely just the correlations of Minkowski space. In this case the observable correlations are universal and inflation maintains its predictivity.
